Reservoir engineering enables the robust preparation of pure quantum states in noisy environments. We show how a new family of quantum states of a mechanical oscillator can be stabilized in a cavity that is parametrically coupled to both the mechanical displacement and the displacement squared. The cavity is driven with three tones, on the red sideband, on the cavity resonance and on the second blue sideband. The states so stabilized are (squeezed and displaced) superpositions of a finite number of phonons. They show the unique feature of encompassing two prototypes of nonclassicality for bosonic systems: by adjusting the strength of the drives, one can in fact move from a single-phonon-to a Schrödinger-cat-like state. The scheme is deterministic, supersedes the need for measurement-and-feedback loops and does not require initialization of the oscillator to the ground state. As such, it enables the unconditional preparation of nonclassical states of a macroscopic object.
Introduction.-The preparation and manipulation of pure quantum states usually requires isolation of the system from the surrounding environment and control of the Hamiltonian. Pursuing a radically different approach, reservoir engineering aims instead to stabilize genuine quantum features of a system by tailoring the properties of the environment [1] . Such a technique has proven particularly successful in cavity systems, where a damped cavity mode naturally provides a highly tunable reservoir. Reservoir engineering has been successfully applied to trapped atoms [2] and ions [3] [4] [5] , circuit quantum electrodynamics [6, 7] and opto/electro-mechanics [8] [9] [10] [11] . Focusing on cavity optomechanics, the stabilization of mechanical single-and two-mode squeezed states has been recently achieved [12] [13] [14] [15] . Besides quantum state preparation, reservoir engineering is also a valuable tool for the design of transport properties, e.g. in nonreciprocal devices [16] [17] [18] [19] [20] . However, despite this success, the dissipative preparation of mechanical pure states is currently limited by the linear character of the evolution, which restricts the set of target states to Gaussian ones [21, 22] .
In order to prepare non-Gaussian -and especially nonclassical -states of motion, some source of nonlinearity is needed [23] . Early proposals for generating mechanical nonclassical states in optomechanical systems exploited the regime of single-photon strong coupling [24, 25] , which however is extremely weak in current experimental platforms. Conditional strategies have also been developed, e.g. based on photon-subtraction or pulsed interactions, which however suffer from being probabilistic and/or having a low efficiency [26] [27] [28] [29] [30] [31] . In contrast, reservoir engineering guarantees the stable and unconditional preparation of the desired state.
In this Letter we propose a dissipative scheme that exploits both the linear and the nonlinear (quadratic) optomechanical coupling between one cavity mode and one mechanical resonator to generate highly nonclassical states of motion of the mechanical element. In our scheme, the cavity provides a * These authors contributed equally to this workf 
0 ). The cavity is driven with three lasers as shown on the left side. (b) The cavity fluctuationd is coupled via a beam-splitter interaction (with strength G1) to the operatorf , which is a nonlinear function ofb [Eqs. (2) and (3)] and whose form is determined by the relative strengths and phases among the drives (symbolized by the circles). The prevailing cavity losses, which couple the system at a rate κ to an environment with zero thermal occupation, drive the oscillator toward the desired state [Eqs. (7) or (8)] while mechanical damping at a rate γ introduces imperfections [see Fig. 3 ].
tunable reservoir whose properties are controlled by applying three coherent drives. A specific choice of their relative strengths and phases yields a novel class of bosonic steady states that admits a simple analytical expression. These states are (squeezed and displaced) finite superpositions of phonon number states with fixed parity and are parametrized by a nonnegative integer n, which determines how many number states are superimposed. By selecting n = 1 we can stabilize a (squeezed displaced) single-phonon state, while for increasing n the state becomes a macroscopic quantum superposition similar to a Schrödinger cat state. Our scheme thus interpolates between the two prototypes of nonclassicality for bosonic systems: from single-excitation nonclassicality, re-2 vealed in the phase space by a single pronounced negativity of the Wigner function, to "interference fringes" typical of macroscopic superposition states. These features are shown to be robust against the effect of mechanical dissipation. Besides the steady state and its properties, we also determine the timescale needed to approach it, which is found to be exponential in the parameter n that controls the extent of the superposition.
Contrary to existing proposals for the dissipative preparation of Schrödinger cats that rely on a purely quadratic optomechanical coupling [32, 33] , our scheme does not require initialization to the ground state, given that the target state corresponds to a unique steady state. Our proposal also differs from that of Refs. [34, 35] inasmuch as it does not require any anharmonicity of the potential.
Model.-We consider a cavity mode whose frequency is parametrically coupled to the displacement and the displacement squared of a mechanical resonator. The Hamiltonian is given by (we set = 1 throughout)
whereâ (b) describes the cavity (mechanical) mode with frequency ω c (ω m ) and g
quantifies the single-photon coupling strengths [36] . We will refer to the term in Eq. (1) proportional to the mechanical position (position squared) as the linear (quadratic) term; as sketched in Fig. 1 (a) , its action consists in the displacement (squeezing) of the mechanical mode conditioned on the number of cavity photons.
The cavity is driven with three lasers, one red-detuned by one mechanical frequency, one blue-detuned by twice the mechanical frequency and one resonant, as schematically shown in Fig. 1 (a) . As in standard treatments, the effect of the drives is taken into account by the displacement transformationâ = k α k e −iω k t +d, where α k is the intra-cavity amplitude at each driving frequency ω k andd is a quantum fluctuation. Moving to a frame rotating with the cavity and mechanical frequencies, we can write the displaced Hamiltonian asĤ =Ĥ RWA +Ĥ CR , whereĤ RWA contains the transitions resonantly enhanced by the drives whileĤ CR collects the off-resonant terms [37] . If we restrict ourselves to the limit κ, G 1,2,3 ω m , where
0 and
0 , we can neglect the counter-rotating terms and consider only the resonant contributionŝ
where we have introduced the operator
In the following we will take the coefficients G 1,2,3 to to be real without loss of generality. Eq. (2) describes a beamsplitter interaction between the cavity fluctuation and a nonlinear combination of the mechanical creation and annihilation operators, as shown in Fig. 1 (b) . It is worth stressing that the form of the combination in Eq. (3) is made possible by the joint presence of the linear and the quadratic coupling between one cavity mode and one mechanical oscillator. We also need to take into account the effect of dissipation. We start by including cavity losses, that are dominant in standard optomechanical settings, in which case the master equation describing the evolution of the joint density matrixˆ readṡ
where
†ô is the standard dissipator. Provided that a stationary state exists, this is given byˆ ss = |ψ ss ψ ss |, with |ψ ss = |0 ⊗ |ϕ and where the mechanical state obeys the dark state condition [38] f |ϕ = 0 .
We note that, by varying the number, strength and frequency of the drives, our approach to reservoir engineering with linear-and-quadratic optomechanical coupling allows to stabilize a plethora of nonclassical states and manifolds thereof.
In the following we focus on a particularly relevant instance, but the scheme is very general and will be further explored in future works. Novel family of steady states.-We now introduce and characterize a new family of states that can be generated within the scheme presented above. If we assume
where n ∈ N 0 is a non-negative integer, the mechanical steady state |ϕ ≡ |ϕ n is described by the surprisingly simple wave function
In the equation above, ϕ n (x) = x|ϕ n and H n (X n ) is the Hermite polynomial of order n and argument
This expression has been obtained by solving the differential equation associated with the dark state condition in Eq. (5) and it shows explicitly that the steady state is pure and unique [37] . The choice of the coupling strengths as in Eq. (6), and in particular the introduction of an integer parameter, are crucial to obtain such a simple expression. Nevertheless, we verified numerically that for small deviations from these values, the steady state (now no longer pure) has near-unit fidelity with the target state described by Eq. (7), so that no fine-tuning issue arises [37] .
The stationary wave function ϕ n (x) resembles that of a simple harmonic oscillator, however with two crucial differences: (i) the integer n appears both in the order of the Hermite polynomial and through the combination X n and (ii) the presence of a factor 4 in the exponential. The latter, albeit seemingly innocuous, prevents ϕ n (x) from being recast into the standard harmonic oscillator form and, in fact, entails that our solution is a superposition of harmonic oscillator wave functions.
In the Supplementary Material [37] we show that the state corresponding to such a wave function is in fact a squeezed
and n = 6 (c). The marginals of W (x, p), which provide the position and momentum probability distribution, are also shown. Odd-parity states display a minimum at the center of the distribution while even-parity states have a maximum.
and displaced superposition of a finite number of Fock states
whereŜ(r) andD(ζ n ) are the squeezing and displacement operator of argument r = ln √ 3 and ζ n = − √ 2n + 1, respectively, and y yields the greatest integer smaller or equal than y. Eq. (8) provides the exact expression of a new instance of a bosonic state and represents one of the main results of this work. Unlike other quantum states of the harmonic oscillator, e.g. coherent or squeezed states, for which the coefficients are found by writing the definition [analogue of Eq. (5)] in the Fock basis and solving a recurrence relation, such an attempt here would fail. On the other hand, our approach of first obtaining the wave function by projecting the dark state condition onto the position eigenstates and from that deriving a closed expression for the coefficients proves successful.
Contrary to most well-known (pure) states of continuous variable systems, the state |ϕ n , apart from the squeezing and the displacement operations, is a superposition of a finite number of Fock states. Moreover, it is clear that each |ϕ n contains at most n excitations and has a definite number parity. Theoretical proposals to achieve probabilistically the truncation of photon number superpositions have been put forward for linear optical devices [39, 40] . In contrast, here a finite superposition is obtained unconditionally, without exploiting entanglement and for a massive system. We also stress that the presence of the displacement prevents any two states |ϕ 2n , |ϕ 2n +1 from being exactly orthogonal. This issue can however be fixed by counter-displacing the state, e.g. with the help of a weak resonant drive. These states may thus be useful for quantum information processing as a robust choice for qubit encoding [41] , similarly to what has already been proposed for Schrödinger cat states [42, 43] .
In Fig. 2 we show the mechanical Wigner function
n (x − y) (which can also be evaluated analytically) of the state in Eq. (8) for different values of n. The transition from a single pronounced negativity (a) to phase-space "ripples" (b)-(c) is apparent. It is useful to compare our solution to the family of Schrödinger cat states |C ± α ∝ |α ± | − α (here |α denotes a coherent state) [44] , for which optomechanical realizations exploiting reservoir engineering have been proposed [32, 33, 35] . Contrary to the case of an odd cat state |C − α , which in the limit of small amplitude approximates a single-phonon state -the so-called "kitten" state [45] -the state |ϕ 1 =D(ζ 1 )Ŝ(r)|1 is exactly a (squeezed and displaced) single-phonon state. On the other hand, for large n the state |ϕ n approaches a Schrödinger cat, yet the two never fully overlap (even asymptotically unit fidelity is not attained), so that Eq. (8) embodies a similar but distinct instance of a macroscopic quantum superposition [37] .
Rate of approaching the steady state and effects of mechanical dissipation.-We now address how the unavoidable presence of mechanical damping affects the properties of the target state. For simplicity, we focus on the fast cavity limit κ G k , where adiabatic elimination of the cavity field leads to an effective master equation for the reduced mechanical density matrix [46, 47] 
where C = 4G 2 1 /(γκ) defines the optomechanical cooperativity. The first term on the right-hand side describes dissipation induced by the modified jump operator
which makes manifest the role played by the cavity in providing an engineered environment for the mechanical degree of freedom. In Eq. (9) we also added thermal decoherence to a mechanical bath at a rate γ and withn thermal occupancy. Let us first consider the limit of no mechanical damping. In this case Eq. (9) describes a purely dissipative dynamics, however relative to a jump operator that is neither linear nor bosonic; complete information about the dynamics is contained in the features of the superoperator D f and can be uncovered by studying its spectrum. In particular, in the infinite-time limit the stateˆ
= 0. In our case, as already pointed out, such a state turns out to be unique, which corresponds to a nondegenerate zero in the complex spectrum of D f . We can conclude that our protocol is both deterministic and independent of the choice of the initial state, allowing in principle to start from any given state, e.g. a thermal one. This must be contrasted with dissipative preparation of mechanical cat states [32, 33] , for which the steady state has a double degeneracy and consequently initialization to a state of definite parity -typically the ground state -is needed. In Eq. (10), the presence of a linear part breaks the discrete parity symmetry associated with the quadratic terms and makes the system more robust to losses [48] . We also stress that our method enables the preparation of macroscopic superposition states of chosen parity, while reservoir engineering of odd cat states is highly impractical, as it requires to initialize the state to a pure odd-parity state, e.g. in |1 .
The analysis of the spectrum also provides information about the timescale required to reach the steady state. The slowest decaying term is associated with the eigenvalue λ n that has the smallest non-zero real part, which in turn defines the spectral gap δ n = −Re λ n . The time needed to approach the steady state (with a fixed fidelity) scales as τ n ∼ δ −1 n . As pointed out, when n increases the state |ϕ n realizes a macroscopic superposition. On the other hand, from Eq. (10) we see that for increasing n the nonlinear terms are suppressed with respect to the cooling part: the optimal strategy to prepare a large quantum superposition is therefore to minimally perturb -in the way prescribed by Eq. (10) -a standard cooling process, which is recovered by setting G 2 = G 3 = 0 in Eq. (3). However, we find that the spectral gap is exponentially suppressed with respect to n and therefore τ n grows exponentially, as shown in Fig. 3 (a) . We argue that, limited to our scenario, this feature effectively sets a hierarchy among different kinds of nonclassicality: a macroscopic superposition entails an exponential time overhead with respect to a singlephonon-like state. It also represents the main limiting factor of our protocol for the generation of macroscopic quantum states when thermal decoherence is taken into account.
We finally introduce a nonzero coupling with the bath. Figs. 3 (b)-(d) show the mismatch, quantified by the fidelity [49] , between the actual steady state and the target state in Eq. (8) . As expected, mechanical dissipation is responsible for a decrease of the purity and states with greater n are more susceptible to thermal decoherence. Nevertheless, we see that regions of near-unit fidelity are present even for considerable thermal occupancy. Moreover, even if the fidelity is no longer close to one, we show that the steady state retains nonclassical features and is always non-Gaussian (in the range of parameters explored) [37] .
Experimental implementation.-A tunable quadratic coupling can be realized in platforms as different as membranein-the-middle setup [50] [51] [52] , cold atoms [53] , microdisk resonators [54] and photonic crystal cavities [55, 56] , achieving increasingly stronger couplings. In our proposal, the validity of the rotating-wave approximation sets a constraint on the ratio R = g (2) 0 /g (1) 0 between the bare quadratic and linear coupling to R ≈ 0.01 − 0.1 [37] . Although such large values are not currently reported in the literature (R ≈ 10 −4 ), they can in principle be approached by optimizing the configuration of present experiments. Optomechanical crystals seem particularly promising in this respect [56] . Furthermore, the window of the values R where the rotating-wave approximation is accurate can be increased by decreasing G 1 , at the expense of a larger equilibration time τ n .
Conclusions.-The linear and the quadratic couplings achievable in optomechanical systems have so far been addressed separately. We showed that the joint presence of both terms enables engineering of unique nonclassical features in the state of a mechanical resonator. Reservoir engineering with linear-and-quadratic optomechanics can be used to stabilize several nonclassical states: here we focused on a novel family of quantum states that can be tuned from a singlephonon state to a macroscopic quantum superposition similar to a Schrödinger cat state. Our proposal achieves the unconditional preparation of states of a macroscopic object featuring a non-positive Wigner function.
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Supplementary Material: Unconditional preparation of nonclassical states via linear-and-quadratic optomechanics
In the present Supplementary Material we discuss in more detail some of the concepts introduced in the main text. In Section I we derive the model [Eqs. (2) and (3)] and discuss the validity of the rotating-wave approximation. In Section II we obtain the analytic expressions of the target state [Eqs. (7) and (8)] and discuss its robustness to deviations of the driving strengths from the optimal values. In Section III we compare our state to even/odd Schrödinger cat states and finally in Section IV we discuss how the nonclassicality of the state is affected by mechanical noise.
I. DERIVATION OF THE HAMILTONIAN AND THE EFFECT OF COUNTER-ROTATING TERMS
We consider an optomechanical system where the frequency of a cavity mode parametrically couples to the displacement and the displacement squared of a mechanical resonator [S1] . The Hamiltonian is given by ( = 1)
where we setĤ
The first of these expressions, Eq. (S2a), contains the free oscillating terms, whereâ (b) describes the cavity (mechanical) mode with frequency ω c (ω m ). The second, Eq. (S2b), describes the linear and the quadratic optomechanical interaction with singlephoton coupling strength g
x being the (dimensionless) mechanical displacement and x zpf the zero-point fluctuation. The last expression, Eq. (S2c), includes a coherent drive of the cavity with multiple tones of frequency ω k and amplitude k , namely E(t) = k k e −iω k t . The cavity is in contact with an effective zero-temperature reservoir provided by the extra-cavity modes, while the mechanical oscillator is in contact with a bath of inverse temperature β that inducesn = (e βωm − 1) −1 average thermal excitations [S2, S3]. We will assume for both processes the Markovian limit, that translates into the following expressions for the correlation functions of the optical (â in ) and mechanical (b in ) input noise operator
The Heisenberg-Langevin equations for the system are thus given bẏ
0 + 2ig
where κ and γ are the optical and the mechanical damping rate. We then separate the contributions to the dynamics into mean field and fluctuations, i.e.â(t) = α(t) +d(t). After a transient, we expect the cavity field to follow the modulation of the drive, i.e. α(t) = k α k e −iω k t . Driving multiple frequencies leads to amplitude modulation of the intra-cavity field, which in turn translates into an oscillating force acting on the mechanical element. This fact can be taken into account by decomposing also the mechanical mode into mean field and fluctuations, b(t) = β(t) +ĥ(t). Furthermore, if we restrict ourselves to the limit g (j) 0 α k α l ω m , j = 1, 2, the mean fields attain a stationary value, which we refer to as α k,s , β s . The steady amplitudes take the following expressions 
0 /g
0 between single-photon quadratic and linear coupling. Parameters are n = 1 , κ = 0.001ωm, G1 = 0.1κ; the dashed blue line corresponds to take the rotating-wave approximation.
where we set ∆ k = ω k − ω c . We see that position and position-squared couplings lead to a shift of the equilibrium mechanical position and to a modified detuning. However, these effects are small and can be safely neglected, therefore we set β s ≈ 0 and
Moving to an interaction picture with respect toĤ 0 the Hamiltonian is transformed intô
We now consider the following choice for the drives
which correspond to driving the first red mechanical sideband, the second blue sideband and on the cavity resonance. This choice is to be understood a posteriori, as a suitable modification of a cavity cooling scheme that selects the nonlinear terms necessary to prepare the desired state. Indeed, for particular values of the strength and phase of the second and third drive with respect to the cooling beam, this setup cools the mechanical mode toward a nonclassical state of motion. The application of the drives displayed in Eq. (S7) makes the following processes in the Hamiltonian Eq. (S6) resonant
and we set
0 and {·, ·} is the anticommutator. The counter-rotating termsĤ CR =Ĥ −Ĥ RWA areĤ
The resonant contributions Eq. (S8) describe a beam-splitter interaction between the fluctuation of the cavity fieldd and the nonlinear combination of mechanical creation and annihilation operatorsf . Finally, as shown in the next Section, our target state is achieved when the driving amplitudes are chosen to be 
(Color online) Wave function ϕn(x) (left) and corresponding probability density (right) from n = 0 (blue) to n = 8 (orange).
where n is a non-negative integer. In this case we rewrite the oscillating terms asĤ
where we introduced the ratio R = g
0 /g (1) 0 between the quadratic and the linear single-photon coupling strength. From this explicit form it is apparent that a necessary condition for the RWA to be valid is that
We can verify this condition by integrating numerically the time-dependent master equatioṅ
and comparing its long-time average with the steady state of Eq. (4), which provides the target state Eq. (8). In Fig. S1 we show the fidelity between the two as a function of the ratio R for the case n = 1 and the parameters κ = 0.001ω m , G 1 = 0.1κ. The condition given in Eq. (S13) is confirmed and there is a window of values for which the rotating-wave approximation is fully justified.
II. DERIVATION OF THE STEADY-STATE SOLUTION
In this Section we derive the analytic expressions for the wave function Eq. (7) and from that obtain the Fock state decomposition presented in Eq. (8) . We also discuss how a finite accuracy in tuning the coefficients to the values prescribed by Eq. (S11) affects the target state.
A. Wave function
The dark state condition Eq. (5) relative to the combination of mechanical creation and annihilation operators Eq. (S9) can be equivalently expressed as the following differential equation for the system wave function ϕ(x) = x|ϕ is rather involved, and hence not reported. We can simplify it by demanding that the order of the Hermite polynomial, which is expressed as a combination of G 1,2,3 , reduces to a non-negative integer value n ∈ N 0 . This constraint can be expressed, e.g. as G 2 = G 2 (n, G 1 , G 3 ). Moreover, upon direct inspection of the solution one can see that the expression greatly simplifies by choosing G 3 and G 2 equal and opposite. This choice fixes the form of the coefficients, whose magnitude is given by
and in the following we consider the case G 3 > 0, as shown in Eq. (S11). As a result, the wave function acquires a universal character, depending only on the parameter n, and takes the remarkably simple form
where we introduced X n = n! (2n)!2F1(−n,−n;−n+ is the normalization constant, 2 F 1 (a, b; c; z) being the Gaussian hypergeometric function of argument z. We stress that values of the ratio between the quadratic terms G 3 and G 2 different from that in Eq. (S11) also lead to legitimate wave functions (for some the solution of Eq. (5) no longer describes a pure state), whose properties however may be very different from those of ϕ n (x) and whose nonclassical features are generally suppressed. Fig. S2 shows plots of the wave function Eq. (S16) for different values of n (left panel), together with the corresponding probability density function (right panel). We notice how the wave functions relative to an even/odd integer n have distinct parity, as for the case of a simple harmonic oscillator. However, compared to the latter, the central oscillations of ϕ n (x) are progressively suppressed for increasing values of n and at the same time the probability density develops a distinct bimodal character; this feature witnesses the transition to a Schrödinger cat-like state for increasing n.
Unlike the quantum harmonic oscillator, where integer values labelling the solutions follow from the quantization of energy levels and the wave functions form an orthonormal set, in our case there are no fundamental mechanisms forbidding non-integer values -these being determined by the choice of the drives -and different ϕ n (x) are not orthogonal. The similarities between the two wave functions are due to the fact that the dark state condition Eq. (S15) resembles the Hermite differential equation encountered in the stationary Schrödinger equation for a harmonic potential. However, since the ratio between the coherent drives can only be tuned up to a finite precision, it is important to verify that the target state is well-behaved with respect to imperfections. We then proceed to include small deviations from the optimal couplings shown in Eq. (S11)
